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In this paper, we study the equation 
x”(f) +f(x(t)) x’(t) + g(4 x(t), 4 - f)) = e(t) tE [I-l, l] (1) 
with boundary conditions 
x(-1)=x(1)=0 (2) 
and 
x(-1)=0, x(l)+kx’(l)=O, (3) 
where k > 0, f: R + Iw is continuous, g: [ - 1, l] x R x R -+ R satisfies the 
Caratheodory conditions, and e E L’( - 1, 1). 
In [3], Wiener and Aftabizadeh used Schauder’s fixed point theorem to 
establish existence and uniqueness theorems for Eq. (1) with f= 0, e = 0, g 
continuous under the boundary conditions 
x(-1)=x0, x(1)=x, (4) 
and 
X(-1)-/zx’(-l)=O, x(l)+kx’(l)=O, (5) 
where h>O, k>O, h+k>O. 
The results in [3] were generalized by Gupta in Cl], using the 
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Leray-Schauder continuation theorem. In this paper we give conditions on 
.f so that Problems ( 1 ), (2) and ( 1 ), (3) have solutions for g satisfying 
where cc(t), P(r), y(t) are assumed only to be in L’( - 1, 1). Precisely, we 
prove that if IfI 3 c > 0 (resp. f< -c < 0) and /al Lo + jjj Lo < c, then (l), 
(2) (resp. (l), (3)) has a solution. Uniqueness of solutions is also studied. 
Our theorems yield improvements over the corresponding results of Gupta 
[ 1 ] in the one dimensional case when c is sufficiently large. 
EXISTENCE AND UNIQUENESS THEOREMS 
We make the assumptions 
(A.l) g: [ - 1, l] x IR x R -+ R satisfies the Caratheodory conditions; 
i.e., g( ., x, y ) is measurable on [ - 1, 1 ] for each (x, y) in 0X2, g( t, ., .) is 
continuous on R2 for almost each t in [ - 1, 11, and for each T > 0, there 
exists f,~ L’( - 1, 1) such that 
for a.e. r in [ - 1, 1 ] and all x, y in [ - I, r] x [ - r, r J. 
(A.2) f: R + R is continuous. 
We denote the norms in L’(--1, I), C([-1, l]), and C’([-1, 13) by 
I . ( L~, I . I c, and I . j c~, respectively. 
We then have 
THEOREM 1. Let (A.l),(A.2) hold. Assume that 
(i) There exists c > 0 such that (f(x)1 3 c Vx E R; 
(ii) There exist functions a(t), P(t), y(t) in L’(-1, 1) with 
IblL,+ IBILl <c, such that 
I‘d4 x9 Y)l f Nt)l l-4 + ID(t)I IA + Iv(t)l 
for ae. t in [I-l, l] and all x, y in R. 
Then Problem (l), (2) has at least one solution for each e in L’( - 1, 1). 
Proof: Consider the equation 
X”(t)= -f(X(t)) x’(t)-g(t, x(t), x(-t)) +e(t) “2’ Nx(t) 
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which is equivalent to ( 1). For each u in L’( - 1, 1 ), the boundary value 
problem 
x” = 24, x(-1)=x(1)=0 
has a unique solution x = Ku E C’( [ - 1, 1 I). It is easily seen that the map 
KN: C’( [ - 1, 11) -+ C’( [ - 1, 1 ] is compact and that the fixed points of 
KN in C’( [ - 1, 1 ] ) are the solutions of ( 1 ), (2). To apply the 
Leray-Schauder fixed point theorem, we look for a constant C> 0 such 
that for all % E (0, 1) and all possible solutions of 
x = XNx (6) 
we have 
Now, let x be a possible solution of (6) with A E (0, 1). Then 
x”( 2) + &f(x( t)) x’(t) = Ah( t ), (7) 
where 
h(t)= -g(t,x(t),x(-t))+e(t). 
Define 13: R -+ R by 
e(t) = f l)-(s) ds if t #O and 0(O) =f(O). (8) 
Note that l@(t)1 2 c Vt E R, by (i). 
Integrating (7) on [ - 1, t] gives 
x’(t)+A0(x(r))x(t)=x’(-l)+ij’ h(s)ds. 
-1 
(9) 
Multiplying (9) by exp(A j’i 13(x(s)) ds) and integrating the resulting 
equation on [ - 1, t] give 
’ B(x(s))ds ~‘(-1) Ff, exp B(x(r))dz ds 
-1 
ASS 
-I > 
+?’ exp A ( ss &x(r))dr -1 -1 Ass h(z)dt ds . -1 > 1 (10) 
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By the mean value theorem, there exists t, E [ - 1, 1 ] such that 
x’( - 1) = -2 
I 
‘” h(s) ds. (12) 
-I 
Inserting (12) into (lo), we obtain 
8(x(T)) dT ds. (13) 
) 
We claim that 
Indeed, if 0(t) b c Vt, we have 
from which (14) follows. 
Suppose now that O(t) 6 -c Vt. By (lo), 
1 
-I 
B(x(~))d~)[-I’(-I)j~‘eXp(Ij~~e(x(i))dr)ds 
@x(z))dz 2s’ h(T)dT d ) -, ) q- (15) 
Inserting (12) into (15), we obtain 
Ix(t)l d exp (-2 j’ -1 
8(X(S)) dS)lhl,.! j’ eXp (2 j’ 
f -1 
e(X(T)) dT) do 
<‘IhILl 
C 
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since 
Thus (14) holds. 
It follows from (14) and (ii) that 
which implies 
Id c G Cl 
Combining (9), (12), and (16) we get 
IXICI < c2. 
This completes the proof of Theorem 1. 
(16) 
THEOREM 2. Let (A.1) hold and let f=c, CER\(OJ. Assume that 
there exist functions a(t), /I(t), y(t) in L’( - 1, 1) with (cI[~I+ l/?lLl < 
ICI (1 -e-21Cl)-1, such that 
Ig(t, x9 Y) -g(k u, u)l G Idt)l Ix- 4 + IP( IY - 4 (17) 
for a.e. te(-1, 1) andalZx,y,u,uER. 
Then the problem ( 1 ), (2) h as exactly one solutionfor each e in L’( - 1, 1). 
Proof Set u=u=O in (17); we get 
Ig(c x, Y)l d Ia( 1x1 + IB(t)l I yl + Ig(4 0, ON. 
Proceeding as in the proof of Theorem 1, we deduce the existence of an a 
priori bound for the possible solutions of the boundary value problems 
x”(t) + cx’( t) + l.g( t, x(t), x( - t)) = Ae( t) 
x(-1)=x(1)=0, 2 E (0, 1). 
Hence Problem (1 ), (2) has at least one solution by the Leray-Schauder 
fixed point theorem. 
409: 144/2-2 
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Now, let x, u be two solutions of (1) (2) and let z = x - U. Then 
z”(f) + cz’( t) = b(t), z( - 1) = z( 1) = 0, 
where b(t) =g(t, u(t), u( - t))-g(t, x(t), x( -t)). 
As in the proof of Theorem 1, we deduce 
Iz(cd /cl -‘(I -ePz’C’) IhI, (18) 
which, together with (17), implies z = 0, i.e., x = U. 
Remark 1. In [ 11, Gupta proved the existence of a unique solution to 
the boundary value problem in RN 
x”(t)+Ax’(t)+g(t,x(t),x(-t))=e(t) 
x(-1)=x(1)=0, 
where A is a symmetric N x N matrix and g satisfies 
where m 2 0, n 2 0, m + n < n2/4. 
Thus Theorem 2 yields an improvement over Gupta’s result in the one 
dimensional case when lc( -‘( 1 - eP21Ci) > 7c2/2. 
THEOREM 3. Let (A.l), (A.2) hold. Assume that 
(i) There exists a negative number c such that f (x) 6 c Vx E R. 
(ii) There exist functions a(t), /3(t), r(t) in L’( -1, 1) with 
IalL~ + l/?lLt < ICI, such that 
Ig(t7 x> Y)l G Idf)l I4 + IP( IYI + IY(f)l 
fora.e.tE(-l,l)andallx,yinR. 
Then Problem (1 j-(3) has at least one solution for each e E L’( - 1, 1). 
Proof: It suffices to prove the existence of an a priori bound for the 
possible solutions of the boundary value problems 
x”(t) + if(x( t)) x’(t) + Ag( f, x(t), x( - t)) = Ae( t) (19) 
x(-1)=0, x(l)+kx’(l)=O, 2 E (0, 1). (20) 
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Let x be a possible solution of (19) (20). Define 8 by (8); we have as in 
the proof of Theorem 1 
where h(t) = -g( t, x(t), x( - t)) + e(t). 
Since x( 1) + kx’( 1) = 0, we have 
(1-M(x(l))exp 
By the mean value theorem 
x’( - 1) = -il j”, h(s) ds (21) 
for some t, E [ -1, 11. Integrating (19) on [ -1, t] and using (21) we 
obtain 
x’(r) + 2e(x(t)) x(r) = 2 j-’ h(s) ds. 
11 
(22) 
Putting t= 1 in (22), we get 
x( l)[M(x( 1)) - l/k] = A I’ h(s) ds 
11 
which, by (i), implies 
Ix(l)< ICI-’ IhILl. (23) 
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Multiplying (22) by exp(A j’- , &x(s)) ds) and integrating the resulting 
equation on [t, 1 ] give 
(24) 
BY 0) 
’ tI(x(~))dr ds 
-1 
1 - 
5 ICI 
’ 8(x(s)id~))-exp(ijl,R(x(r))dr). (25) 
-1 
Combining (23)-(25), we obtain 
1 
Ix(t)1 GM IhILl VtE c-1, I] 
which, by (ii), implies 
1x1 c Q 4. 
From (26) and (22), we deduce 
lxIc1~4 
which completes the proof of Theorem 3. 
For uniqueness, we have 
(26) 
THEOREM 4. Let (A.l) hold and let f = c, c < 0. Assume that there exist 
functions a(t), p(t), y(t) in L’( - 1, 1) with ICII~I + I&I < /cl, such that 
Ig(c x,Y)-g(G 4 VII d I4r)l lx--u1 + IP( (Y-4 
for a.e. t E [ - 1, 1 ] and all x, y, u, v in Iw. Then problem (l)-(3) has exatly 
one solution for each e in L’( - 1, 1). 
Remark 2. Note that by using the method in [2], we obtain similar 
results for the periodic boundary value problem 
x”(t) +f(x(t)) x’(t) + dt, x(t), x( -[I) = e(t) 
x(1)-x(-1)=0, x’(l)-xX)(-1)=0. 
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